A solvable two-dimensional product-type system of difference equations of interest is presented. Closed form formulas for its general solution are given.
Introduction
Concrete nonlinear difference equations and systems have become of some interest recently. Experts have proposed various classes of the equations and systems hoping that their studies will lead to some new general results or will bring about some new methods in the theory (see, e.g., [-] ). Many of the papers study or are motivated by the study of symmetric systems (see, e.g., [-, , , , -]). It turned out that some of the equations and systems can be solved, which motivated some experts to work on the topic (see, e.g., [, , , -, -]; for some old results see, e.g., [-] ). One of the motivations for the renewed interest in the area has been Stević's method/idea for transforming some nonlinear equations into solvable linear ones (see, for example, [, , , ] and numerous related references therein). It also turned out that many classes of nonlinear difference equations and systems can be transformed to solvable ones by using some tricks and suitable changes of variables (see, e.g., [, , , ] and the related references therein).
Numerous recent equations and systems are closely related to product-type ones, which are solvable for the case of positive initial values (see, e.g., the equation in [] , which is a kind of perturbation of some product-type and the system in [] ; see also the related references therein). If the initial values are not positive, then there appear several problems. Thus, it is of some interest to describe the product-type systems with complex initial values which are solvable. A detailed study of the problem has been started recently by Stević et al. in [, , , , ] (some subclasses of the class of difference equations studied in [] are also product-type ones). During the investigation we realized that the solvability of some product-type systems is preserved if some coefficients/multipliers are added. The first system of this type was studied in [] . Based on this idea, quite recently in [] it has been shown that the solvability of the system studied in [] is preserved if two coefficients/multipliers are added. On the other hand, it can be seen that there are only several classes of product-type systems of difference equations which can be practically solved in closed form, due to the well-known fact that roots of the polynomials of degree d ≥  cannot be solved by radicals. Hence, it is of interest to find all the classes of practically solvable product-type systems of difference equations and present formulas for their solutions in terms of the initial values and parameters.
Here we present a new class of product-type systems of difference equations which are solvable under some natural assumptions. Namely, we investigate the solvability of the system
where
It is interesting that none of the subclasses of the class in () has been previously treated in our papers on product-type systems, so that all the formulas presented here should be new. The formulas are obtained by further developing the methods in our previous papers, especially the ones in [] and [] . A solution to system () need not be defined if its initial values belong to the set
Thus, from now on we will assume that z - , z  , w - , w  ∈ C \ {}. Since the cases α =  and β =  are trivial or produce solutions which are not well defined we will also assume that αβ = . Let us also note that we will use the convention l i=k a i = , when l < k, throughout the paper.
Main results
The main results in this paper are proved in this section.
Using the first equation in () in the second one, we obtain
from which it follows that
and
Case bd = . In this case equations () and () become
Hence
when c = , and
when c = . By using () and () in the first equation in () with n → n and n → n -, respectively, we get
Hence, from () and () we have
when c = .
Then () and () can be written as
By using () with n → n - into (), we get
for n ≥ , where
Assume that
for some k ≥  and every n ≥ k, where
Using () with n → n -k into () we get
for every n ≥ k + , where
Equalities (), (), (), (), along with the induction show that () and () hold for all natural numbers k and n such that  ≤ k ≤ n. Moreover, because of (), equality () holds for  ≤ k ≤ n.
Using the equalities w  = βw
- , a n+ = ca n + b n , and x n+ = x n + a n in () it follows that
Using () in the first equation in (), we get
By using the same procedure it is proved that
for all natural numbers k and n such that
 , x n+ = x n + a n , and a n+ = ca n + b n , from () we have
Using () in the first equation in (), we get
From the first two equations in () we have
From () and since b k = b  a k- , we see that (b k ) k∈N is also a solution of (). From () with k =  one obtains
From this and since b  = bd = , from the second equation in () we get a  = , which along with the fact x  =  and the other two relations in () implies
This and () with k =  imply 
while (x k ) k≥- satisfies the third equation in () and
From the third equation in () along with x  =  and a  = , we have
are the corresponding characteristic roots. If c  + bd = , then
which along with a - =  and a  =  yields
From this and since b n = b  a n- , we have
If c + bd = , which is equivalent to λ  =  = λ  , from () and (), it follows that
If c + bd = , that is, if one of the characteristic roots is one, say λ  , then λ  = -bd, so that
This along with a - =  and a  =  yields
Using the relation b n = b  a n- along with the fact bd = -c  /, we get
From () and (), we have
completing the proof of the result. Proof Since b = , we have
From the first equation in () we get
Hence, if a = , we have
while if a = ,
Using () in the second equation in (), it follows that
Using () twice, we get
for every n ≥ , and
Assume that, for a natural number k, it has been proved that
for n ≥ k + , and
for every n ≥ k.
Using () with n → n -k - and n → n -k, in () and (), we obtain for n ≥ k + , and
for every n ≥ k + . From (), (), (), (), and the induction it follows that () holds for all natural numbers k and n such that  ≤ k ≤ n -, while () holds for all k and n such that  ≤ k ≤ n.
By taking k = n - in (), we get
By using the relation w  = βw 
for n ∈ N. It is also easy to check that () holds also for n =  when c = . Subcase a =  = c, c = a  . In this case we have
for n ∈ N, and
for every n ∈ N. Subcase a =  = c, c = a  . In this case we have
for every n ∈ N. Subcase a  =  = c. In this case we have
for every n ∈ N.
Subcase a = -, c = . In this case we have
for every n ∈ N  . Subcase a = , c = . In this case we have
for every n ∈ N. Subcase a = c = . In this case we have for n ≥ , and
Assume that, for some natural number k we have proved that
for n ≥ k +  and
for every n ≥ k. By using () with n → n -k into (), and () with n → n -k into (), it follows that
for n ≥ k +  and which differs from () only by the constant multiplier.
